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Multiple relaxation times detected in the ac magnetic susceptibility of several single-molecule magnets have
been always assigned to extrinsic factors, such as nonequivalent magnetic centers or effects of intermolecular
interactions in the crystal. By solving quantum relaxation equations, we prove that the observed multiple relaxation
times can be of intramolecular origin and can show up even in single-ion metal complexes. For the latter a
remarkably good description of the coexistent two relaxation times is demonstrated on several experimental
examples. This proves the relevance of the intramolecular mechanism of multiple relaxation times in such
systems, which is even easier justified in polynuclear magnetic complexes.
DOI: 10.1103/PhysRevB.94.104422
I. INTRODUCTION
Single-molecule magnets (SMMs) have drawn increasing
attention in recent years due to their prospects for storing
information and spintronics devices at a molecular level [1–5].
To be an adequate material for these purposes, a SMM
should have a large relaxation time of magnetization τ . The
latter is routinely extracted from ac magnetic susceptibility
measurements. According to the generalized Debye model
[6–8], the relaxation time τ is associated with the inverse of
the frequency at which the out-of-phase susceptibility χ ′′(ω)
attains its maximum, τ = 1/ωmax. However, this interpretation
of the ac susceptibility becomes confusing with the emer-
gence of lanthanide-based SMMs [9–12], where more and
more observations of two maxima in χ ′′(ω) are reported in
polynuclear compounds [13–20]. This phenomenon is usually
explained by associating each relaxation time to a distinct
relaxation pathway at magnetic centers of different kinds in
these complexes [13–20].
Recently observations of a second maximum in χ ′′(ω) have
been also reported for mononuclear SMMs [21–32]. This by
all means cannot be rationalized by the previous argument
and thus raises a question regarding the mechanism behind
the existence of the second relaxation time,1 with possible
implications not only for mononuclear but also polynuclear
SMMs. Answering this question will certainly advance our
understanding of relaxation processes in magnetic molecules
and will contribute to an adequate interpretation of ac sus-
ceptibility data in such systems. On a practical side, the deep
knowledge of the details of relaxation in magnetic complexes
is indispensable for a rational design of efficient SMMs. In
this work, we prove that the observed secondary relaxation
process in mononuclear SMMs has an intramolecular origin.
The derived analytical expressions display the conditions for
the observability of the second relaxation time in the ac
magnetic susceptibility. The mechanism underlying this effect
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1The studies of diluted U(H2BPz2)3 have shown a relationship
between the existence of the secondary relaxation process and the
degree of dilution, pointing to the importance of intermolecular
interaction for its observation [33,34].
is generic and may be relevant for strongly exchange-coupled
polynuclear SMMs as well.
II. MICROSCOPIC DESCRIPTION OF MULTIPLE
RELAXATION TIMES IN AC SUSCEPTIBILITY
A system with n electronic states in a thermal bath could
relax via several relaxation modes with the rates λi , i =
1, . . . n, corresponding to the eigenvalues of the relaxation
rate matrix [35–37]. One of these eigenvalues, λ1, is zero,
corresponding to thermodynamic equilibrium. Having this in
mind, a minimal model which could be considered is the one
involving three electronic levels (Fig. 1). In this model the
external dc magnetic field is directed along the easy magnetic
axis of the ground quasidoublet. The corresponding states of
the quasidoublet, |1〉 and |2〉, are separated by a relatively
small gap ω0, whereas the third state |3〉 is supposed to
lie at   ω0. To measure ac susceptibility, we apply an
additional small ac magnetic field h(eiωt + e−iωt ) along the
main magnetic axis of the quasidoublet z. The Hamiltonian
of the system is then H = H0 + V . Here V = −mzhz(t) =
−∑i,j mij |i〉 〈j |h(eiωt + e−iωt ) is the ac component of the
Zeeman Hamiltonian, and mij are matrix elements of the
magnetic momentum mz on the states of the model.
Following the experimental conditions, we consider further
the temperature domain ω0  kT , which allows us to
approximate the relaxation rate matrix as
 ≈ 21
⎛
⎝−(1 + α) 1 cα1 −(1 + α) cα
α α −2cα
⎞
⎠, (1)
where α ≡ 31/21 and c ≡ 13/31 = exp (/kT ).
The electronic levels in Fig. 1 are eigenvalues of H0
including the effect of the dc magnetic field and, therefore, are
all magnetic (mii 	= 0). They basically arise from the Zeeman
splitting of the ground and the first excited (quasi) doublets.
(For the latter only the lowest Zeeman component |3〉 is shown
in Fig. 1.) It is assumed, in line with experiments where a
secondary relaxation process was observed, that the applied
field (several tenths of Tesla) is sufficient for suppression of
tunneling in both these (quasi) doublets. At the same time
the nature of the metal ion is not important, so the further
consideration equally applies to Kramers and non-Kramers
ions.
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FIG. 1. Electronic structure of the model.
The typical situation for low-temperature relaxation is
kT  , when the population of the highest state |3〉 is small
and its variation during the relaxation can be neglected [38].
In such a case the relaxation basically occurs within the lowest
two states with the rate  = Orbach + direct + Raman [39],
where the Orbach relaxation rate, Orbach = 0 exp [Ueff/kT ],
includes the effect of two direct relaxation rates via the exited
state |3〉 [38]. In our treatment, however, kT will be considered
of the order of  (vide infra), in which case the constant c in
Eq. (1) is not expected to be large. Then this situation should be
treated via the solution for the full density matrix involving the
three states. Denoting by δρ its deviation from the equilibrium
value (ρeq) induced by the ac magnetic field, the equation for
the diagonal components has the form
d
dt
δρ = δρ + f±, (2)
where f+ and f− are defined from the relation
f +α e
iωt + f −α e−iωt ≡ ρeqαα
∑
β 	=α βα(Vββ − Vαα)/kT .
Assuming f+ = f− ≡ f0 as is usually the case, the solution of
Eq. (2) is obtained in the form
δρ = 2
∑
μ 	=1
(
λμ
λ2μ + ω2
cos ωt + ω
λ2μ + ω2
sin ωt
)
× (Lμ · f0)(Lμ · Rμ)Rμ, (3)
where λμ,Lμ, and Rμ are, respectively, eigenvalues, and left
and right eigenvectors of the relaxation rate matrix  [36,40].
The off-diagonal elements of the density matrix are found from
the equations
d
dt
δραβ = iVαβ
(
ρeqαα − ρeqββ
)− (iωαβ + γαβ)δραβ. (4)
As evidenced from above equations, under the assumption
ω0  kT the oscillations of the off-diagonal elements of
the density matrix δρ12 and δρ21 are very small and can be
neglected in comparison to the diagonal elements. Moreover,
in a nonzero magnetic field the off-diagonal matrix elements of
the easy-axis magnetic moment matrix of a SMM (mαβ) are of-
ten much smaller than the diagonal ones (mαα). Hence, the ef-
fect of the off-diagonal magnetic moment matrix elements can
be safely ignored in the calculations of the linear response, val-
idating the relation Tr(mˆ · δρˆ) ≈ m · δρ. Having this in mind
and making use of the relation h(χ ′ cos ωt + χ ′′ sin ωt) =
Tr(mˆ · δρˆ), we obtain the following expressions for the ac
susceptibility after diagonalizing the relaxation rate matrix :
χ ′ = 1
T
c
1 + 2c
[
m211
1
1 +ω2τ 22
+ 1
1 + 2cm
2
33
1
1 +ω2τ 23
]
, (5)
χ ′′ = 1
T
c
1 + 2c
[
m211
ωτ2
1 + ω2τ 22
+ 1
1 + 2cm
2
33
ωτ3
1 + ω2τ 23
]
,
(6)
where τ−12 = λ2 = 21(2 + α) = 221 + 31 and τ−13 = λ3 =
31(1 + 2c). Note that the rate of relaxation between the two
lowest levels, 21 + 12 ≈ 221, includes the direct and the
Raman processes [39], while 31 is the relaxation rate of the
Orbach process, Orbach.2 Then we recover for one relaxation
rate the familiar expression τ−12 = direct + Raman + Orbach
[39], while the other is rewritten as τ−13 = Orbach(1 + 2c).
Equations (5) and (6) look like sums of two Debye
functions, often used for the phenomenological description
of the ac susceptibility data displaying two relaxation times
[41]. The important difference is the restriction on the ratio of
these two Debye functions contained in Eqs. (5) and (6). It will
be shown that this very distinction is the major reason behind
the difficulty of the observation of the secondary relaxation
process in ac susceptibility experiments.
As can be easily seen, when the ratio κ ≡
(m33/m11)2/(1 + 2c) is negligible, χ ′′(ω) and the Cole-Cole
plot [35] have only one maximum at the frequency ωmax =
τ−12 . This implies that the relaxation rate extracted from
ac susceptibility measurements is indeed a simple sum of
the rates from individual relaxation processes (see above).
Hence, the present proof is a justification for the wide use of
the formula  = Orbach + direct + tunneling + Raman for the
interpretation of measured relaxation rates.
Remarkably, when κ is of the order of unity, a second
maximum in χ ′′(ω) and Cole-Cole plot arises. Whereas the
first maximum corresponds to the familiar relaxation rate τ2
mentioned above, the second maximum corresponds to τ3,
which depends solely on Orbach. That is, the nature of the
secondary relaxation process is entirely related to the excited
state |3〉.
Note that although the observation of the secondary
relaxation process requires both relaxation rates λ2 and λ3
not exceeding the limiting frequency of ac susceptibility
measurements, the existence of two maxima in χ ′′(ω) and
the Cole-Cole plot does not depend explicitly on their relative
values. As a consequence, keeping only the smallest (nonzero)
relaxation rate while neglecting the larger ones, as it is
usually done in the simulation of recovery magnetization
measurements, may lead to a wrong analysis of the ac
susceptibility data.
Trying to find favorable conditions for the observation of
two peaks in χ ′′(ω), one could first think of increasing the
temperature in order to reduce κ to the order of unity. This is not
always a practical solution, because increasing the temperature
2Given the explicit involvement of the state |3〉 in the present
description of relaxation [Eq. (3)], 31 refers to a direct relaxation
process. However, we still call it Orbach for the sake of convenience.
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FIG. 2. χ ′′(ω) and Cole-Cole plots for various values of parameter
n = τ2/τ3 and κ = 0.5. A normalization factor 1/(1 + κ) was used in
order to bring the susceptibility to a conventional domain χ ′ ∈ (0,1].
results in larger relaxation rates λ2 and λ3, which eventually
might leave the available frequency domain of ac susceptibility
measurements (usually < 1500 Hz). Another strategy would
be the design of systems with a low excitation energy . This is
not practical either, because lowering this energy gap enhances
the Orbach relaxation rate which automatically increases λ2
and λ3. One can infer from this analysis that the conditions of
observability of two maxima in χ ′′(ω) are hardly met, which
is fully supported by the experimental situation.
III. CONDITIONS FOR OBSERVATION OF TWO
RELAXATION TIMES: A COMPARISON
WITH EXPERIMENTS
To facilitate further analysis, we consider a temperature
domain where the direct relaxation rate direct ≈ aT [38]
dominates the Raman relaxation rate. Together with Orbach =
0/(exp [/kT ] − 1), the relaxation rate eigenvalues entering
Eq. (6) are now of the form
λ2 = aT + 0/(c − 1), (7)
λ3 = 0(2c + 1)/(c − 1). (8)
Besides the difficulties mentioned above, there is an addi-
tional factor making the observation of the secondary relax-
ation process hard. Figure 2 shows the frequency dependence
of χ ′′ and the Cole-Cole plot for different values of the ratio
n = τ2/τ3 at a fixed value of κ . We can see that the second peak
in χ ′′(ω) only appears when n is large enough to separate two
peaks from each other. The critical value of n for the arising of
the second peak depends on the value of κ . As for the location
of the two peaks, they are found at ωτ2,3 ≈ 1, as expected.
For intermediate values of n, a shoulder is seen, indicating a
transition from a single-maximum to two-maxima regime.
An instructive conclusion can be drawn from the analysis
of the Cole-Cole plots in Fig. 2(b). Even when the criterion for
the existence of two maxima is not fulfilled there is a marked
deviation from the semicircle shape in these plots with increas-
ing n. These deviations were always interpreted as originating
from a distribution of relaxation times among the SMMs in a
crystal [35]. We see that such interpretations can be misleading
due to the closeness of a secondary relaxation process.
To investigate the temperature dependence in different
relaxation regimes, we introduce the dimensionless variables
FIG. 3. (a) Frequency dependence of out-of-phase susceptibility
for Gd-EDTA (from Holmberg et al. [23], reproduced by permission
of The Royal Society of Chemistry. (b, c) Out-of-phase susceptibility
and Cole-Cole plot from our model with parameter A = 0.01,
m33/m11 = 3, and /kT ∈ [0.5,4.1].
/kT and i ≡ λi/0. Thus we have 2 = A(/kT )−1 +
1/(c − 1) and 3 = (2c + 1)/(c − 1), where A ≡ a/k0
characterizes the relative strength of direct and Orbach
processes. Figure 3(a) shows a qualitative comparison of
the out-of-phase susceptibility derived from our model with
the experimental data from Holmberg et al. [23]. From our
calculations, this behavior is typical for all values of A < 1. A
Cole-Cole plot is also shown in Fig. 3(c). As follows from the
figure, when T decreases, the transition point in the Cole-Cole
plot shifts from right to left. At the same time, the right-hand
side semicircle grows and the left-hand side one shrinks.
Physically, this means that the slow relaxation mode associated
with τ2 is getting more and more influential. Apart from this be-
havior, the rightmost point of χ ′′ also has the tendency to move
rightward, which can be explained by the dominant effect of the
factor /kT on the value of χ ′rightmost ∝ (/kT )c/(1 + 2c) ×
[1 + (m33/m11)2/(1 + 2c)]. Remarkably, besides the data of
Holmberg et al. [23], this kind of behavior is also found
to be in good qualitative agreement with the experimental
ac susceptibility of SMMs showing a secondary relaxation
process in nonzero field given by Rinehart et al. [21] (see
Figs. S10-S13 therein), Jeletic et al. [25] (see Fig. 3 for 200
Oe and 600 Oe therein), and Habib et al. [26] (see Fig. S16
therein).
Figures 4 and 5 show comparisons of the present theory with
recent experimental data from Miklovicˇ et al. [22] and Ruiz
et al. [28], respectively, which are typical for ac susceptibility
behavior in the case A > 1. In contrast to the previous case,
with decrease of T the transition point in the Cole-Cole plot
shifts from left to right. In the meanwhile, the effect of the fast
relaxation process, which is now associated with τ2 instead
of τ3, gradually dominates until the two processes merge
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FIG. 4. (a) Cole-Cole plot and (c) out-of-phase susceptibility
for [Ni(pydc)(pydm)]·H2O under applied magnetic field of 0.2 T.
Adapted from Miklovicˇ et al. [22] with permission from The Royal
Society of Chemistry. (b, d) Similar plots from the present model for
the parameters A = 200, m33/m11 = 1, and /kT ∈ [0.5,1.3].
into one. This behavior is abnormal in the sense that the
relaxation rates extracted from ac susceptibility measurements
are different from the ones measured in recovery magnetization
experiments, in which the slowest relaxation rate is derived.
It is interesting to note that in both cases, the relaxation
rate extracted from ac susceptibility measurement is always
reproduced by the conventional expression for the relaxation
rate, i.e., a sum of direct, Raman, and Orbach relaxation rates.
This kind of behavior derived from the present model for
A > 1 also agrees with the report from Li et al. [31] (see
Fig. 3(b) therein).
FIG. 5. (a) Cole-Cole plot for the diluted
[Dy(H2L)(NO3)3]·2CH3OH under applied magnetic field of
1000 Oe. Reproduced from Ruiz et al. [28] with permission
from The Royal Society of Chemistry. (b) A similar plot from
the present model for the parameters A = 50, m33/m11 = 2, and
/kT ∈ [0.7,2.5].
To summarize, there are three reasons explaining why
two maxima of ac susceptibility are not often observed in
mononuclear SMMs. First, one of the two relaxation rates,
λ2 or λ3, is too high to be detected by a conventional ac
susceptibility measurement setup. Second, the weight of the
strength of the secondary relaxation process (κ) is too small.
Third, the two maxima are too close to each other, resulting
in their overlap. This third reason might be responsible for the
strong dependence of the existence of the second peak on the
applied dc field and dilution [40], which has been found in the
works of Jeletic et al. [25] and Habib et al. [26,27].
IV. DISCUSSIONS AND CONCLUSIONS
The results obtained here for a three-level model allow
us to rationalize some general features of ac susceptibility in
multilevel systems. First, they explain why it is still difficult
to detect more than one maximum of χ ′′ in these more general
systems, too. Despite the fact that in a system with n states
the relaxation rate matrix can have n − 1 nonzero eigenvalues
and, accordingly, the out-of-phase susceptibility might have
up to n − 1 maxima, the difference in the order of magnitude
between these eigenvalues is often huge. Consequently, even
if the factor κi corresponding to each theoretical maximum
i th|i>2 could be of the order of unity, the frequency ω(i)max at
which it should be placed in χ ′′(ω) is likely to be outside the
available range for ac susceptibility measurements.
A second observation concerns the individual relaxation
processes between the two states of the ground (quasi) doublet:
direct, tunneling, and Raman. As we already mentioned, it is
widely accepted and confirmed in the present work that one
of the eigenvalues of the relaxation rate matrix equals the
sum of the relaxation rates of all these individual processes,
λ2 = Orbach + direct + Raman + tunneling, where direct +
tunneling + Raman = 21 + 12. However, from the general
form of the relaxation rate matrix , we have −Tr() =
12 + 21 + 31 + · = λ2 +
∑
μ>2 λμ. This shows that λ2
has absorbed the direct, tunneling, and Raman relaxation
processes between the two ground states. As a result, these
relaxation processes will not contribute to other λi and
play no role in the corresponding maxima of out-of-phase
susceptibility.
Despite the fact that the model devised here was applied for
simulations of ac susceptibility in single crystals of SMMs
molecules, all derived conclusions remain unchanged for
powder samples. In fact, although there is a distribution of
the relaxation rates λ2 and λ3 due to different orientations
of the external magnetic field with respect to the frames
of SMM molecules in a powder sample, this distribution
is continuous and its dispersion is expected to be small in
comparison to |λ2 − λ3|. As a consequence, there will be two
separated groups of relaxation rate eigenvalues concentrating
around some average value ¯λ2 and ¯λ3. These two groups are
sufficiently far apart from each other, while inside each of the
group the eigenvalues are not so different as to allow individual
peaks to appear.
The intramolecular mechanism discussed here could also
be responsible for the observation of a secondary relaxation
process in strongly coupled polynuclear SMMs as well.
Indeed, in such kinds of systems the strong interaction between
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the magnetic centers, at sufficiently low temperature, leads to
collective relaxation processes not divisible onto individual
magnetic sites. Then the only difference from the physical
situation discussed here is a larger number of electronic levels
which might be involved.
In summary, we have proposed an intramolecular mecha-
nism for multiple relaxation times observed in SMMs. Via a
microscopic treatment of a three-level model, we have proved
analytically that in general two maxima in ac susceptibility can
occur even in mononuclear SMMs. The physical requirement
for that is the existence of several relaxation modes in the
system. Despite its simplicity, our theory shows a very good
qualitative agreement with most experimental data where the
existence of the secondary relaxation process was reported.
The conclusion drawn here is general and could be applied,
in particular, to the rationalization of similar phenomena in
strongly coupled polynuclear SMMs.
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